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Abstract
We consider the negative weight percolation (NWP) problem on hypercubic lattice graphs with fully periodic boundary condi-
tions in all relevant dimensions from d = 2 to the upper critical dimension d = 6. The problem exhibits edge weights drawn from
disorder distributions that allow for weights of either sign. We are interested in the statistical properties of the full ensemble of
loops with negative weight, i.e. non-trivial (system spanning) loops as well as topologically trivial (“small”) loops that comprise
the “loops only” variant of the NWP problem. The NWP phenomenon refers to the disorder driven proliferation of system span-
ning loops of total negative weight. For the numerical simulations we employ a mapping of the NWP model to a combinatorial
optimization problem that can be solved exactly by using sophisticated matching algorithms. This allows for the numerically exact
study of large systems with good statistics, important to ensure a reliable disorder average.
Early simulations for the 2d setup led to suggest that the resulting negative-weight percolation (NWP) problem is fundamentally
diﬀerent from conventional percolation. Here, we review several studies that reported on results of numerical simulations aimed at
clarifying the geometric properties of NWP on hypercubic lattice graphs and random graphs.
Finally we present additional new results for the scaling behavior of the geometric properties and the conﬁgurational weight
of minimum-weight paths (MWPs) in the “loops + MWP” variant of the model, characterizing an additional threshold ρωc , above
which the disorder averaged MWP weight 〈ωp〉 is negative, thereby highlighting a characteristic limiting case of the NWP model
at small densities of negative edges.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Organizing Committee of CSP 2014 conference.
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1. Introduction
The statistical properties of lattice-path models on graphs, equipped with quenched disorder, have experienced
much attention during the last decades. They have proven to be valuable in order to describe line-like quantities as,
e.g., linear polymers in disordered/random media (Kremer, 1981; Kardar and Zhang, 1987; Derrida, 1990; Grass-
berger, 1993; Parshani et al., 2009), vortex loops in high-Tc superconductivity at zero ﬁeld (Nguyen and Sudbø, 1998,
1999; Pfeiﬀer and Rieger, 2002, 2003) and the d = 3 XY model (Kajantie et al., 2000; Camarda et al., 2006), networks
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of vortex strings found after a symmetry-breaking phase transition in ﬁeld theories (Antunes and Bettencourt, 1998;
Hindmarsch and Strobl, 1995; Strobl and Hindmarsh, 1997), as well as domain wall excitations in disordered media
such as spin glasses (Cieplak et al., 1994; Melchert and Hartmann, 2007) and the solid-on-solid model (Schwarz
et al., 2009). The actual computation of the underlying paths can often be formulated in terms of a combinatorial op-
timization problem and hence might allow for the application of exact optimization algorithms developed in computer
science (Schwartz et al., 1998; Papadimitriou and Steiglitz, 1998; Rieger, 2003; Hartmann, 2007). So as to analyze
the statistical properties of these lattice path models, geometric observables and scaling concepts similar to those used
in percolation theory (Stauﬀer, 1979; Stauﬀer and Aharony, 1994) and other “string”-bearing models (Allega et al.,
1990; Austin et al., 1994; Schakel, 2001) are often applicable. To give a brief account of the former: the pivotal issue
of standard percolation is that of connectivity. A basic example is 2d random bond percolation, where one studies a
lattice in which a random fraction of the edges is “occupied”. Clusters composed of adjacent sites joined by occupied
edges are then analyzed regarding their geometric properties. Depending on the precise fraction of occupied edges,
the geometric properties of the clusters change, leading from a phase with rather small and disconnected clusters to
a phase, where there is basically one large cluster covering the lattice. Therein, the appearance of an inﬁnite, i.e.
percolating, cluster is described by a second-order phase transition.
The focus of the presented article is the negative-weight percolation (NWP) model (Melchert and Hartmann, 2008;
Apolo et al., 2009; Melchert et al., 2010; Melchert and Hartmann, 2013; Claussen et al., 2012; Norrenbrock et al.,
2013; Mitran et al., 2013), a problem with subtle diﬀerences as compared to other string-like percolation problems. So
as to study one of the most basic setups of the correspondingNWP problem, one might consider a regular lattice graph
with periodic boundary conditions (BCs) where adjacent sites are joined by undirected edges. Weights are assigned
to the edges, representing quenched random variables drawn from a distribution that allows for edge weights of either
sign. The details of the weight distribution are further controlled by a tunable disorder parameter ρ (for a more detailed
discussion, see Subsect. 2.1). For a given realization of the disorder, one then computes a conﬁguration of loops, i.e.
closed paths on the lattice graph, such that the total sum of the weights assigned to the edges that build up the loops
attains an exact minimum. Thus, no loops with positive weight will appear. In addition, one might force an additional
path on the lattice, for which one might further ﬁx its terminal points. Note that the application of exact algorithms
in contrast to standard sampling approaches like Monte Carlo simulations avoids, e.g., equilibration problems. Also,
since the algorithms run in polynomial time, large instances can be solved. As an additional optimization constraint
we impose the condition that the loops are not allowed to intersect; consequently there is no deﬁnition of clusters in
the NWP model. Regardless of the spatial dimension of the underlying graph, the observables are always line-like,
i.e. have an intrinsic dimension of d = 1. Nevertheless, the loops may be fractal with fractal dimensions d f > 1. Since
a loop does neither intersect with itself nor with other loops in its neighborhood, it exhibits an “excluded volume”
quite similar to usual self avoiding walks (SAWs) (Stauﬀer and Aharony, 1994). The problem of ﬁnding these loops
can be cast into a minimum-weight path (MWP) problem, outlined below in Subsect. 2.1 in more detail.
As a pivotal observation it was found that, as a function of the disorder parameter ρ, the NWP model features
a disorder driven, geometric phase transition, triggered by a sudden change of the typical loop size (Melchert and
Hartmann, 2008) (as discussed below in more detail). In this regard, depending on the precise lattice setup and on
the value of ρ, one can identify two diﬀerent phases: (i) a phase where the loops are “small”, meaning that the linear
extensions of the loops are small in comparison to the system size, see Fig. 1(a) (therein, the linear extension of a loop
refers to its projection onto the independent lattice axes), resembling a dilute gas of loops, and, (ii) a phase where
“large” loops exist that comprise densely packed conﬁgurations of loops and eventually span the entire lattice, see
Fig. 1(c). Regarding these two phases and in the limit of large system sizes, there is a particular value of the disorder
parameter, signiﬁed as ρc, at which system spanning (or “percolating”) loops appear for the ﬁrst time, see Fig. 1(b).
Previously, we have investigated the NWP phenomenon for hypercubic lattice graphs in dimensions 2 through 6
(Melchert and Hartmann, 2008; Melchert et al., 2010) using ﬁnite-size scaling (FSS) analyses, where we characterized
the underlying transition by means of a whole set of critical exponents. The respective studies are summarized below
in Sect. 2. Considering diﬀerent disorder distributions and lattice geometries, the exponents were found to be universal
in 2d and clearly distinct from those describing standard percolation phenomena. Further, the studies on hypercubic
lattice graphs suggested that the upper critical dimension of the NWP model is du = 6 (see Subsect. 2.2). This
ﬁnding was later supported by considering the model on regular random graphs, giving direct access to the mean-ﬁeld
behavior of the NWP problem, and by an analytic approach that utilizes a correspondence between the NWP problem
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Fig. 1. Samples of loop conﬁgurations for a 2d square lattice with side length L = 96 and periodic boundary conditions, illustrating the NWP
phenomenon. Percolating (nonpercolating) loops are colored black (gray). The snapshots relate to diﬀerent values of the disorder parameter ρ,
where (a) ρ < ρc, (b) ρ ≈ ρc, and, (c) ρ > ρc. In the limit of large system sizes and above the critical point ρc, paths might span the lattice along
any direction with the periodic boundaries.
and the problem of polymers in random media, see Subsect. 2.3. For the particular case of the 2d NWP problem we
studied the eﬀect of dilution on the critical properties of the 2d NWP phenomenon, see Subsect. 2.4, and checked
whether NWP lattice paths can be described by SLE (see Subsect. 2.5). We further studied densely and fully packed
conﬁgurations of loops as limiting cases of the NWP problem at extremal disorder, see Ref. (Melchert and Hartmann,
2011b), utilized the NWP algorithm to devise an algorithm that yields groundstate spin conﬁgurations for the planar
2d triangular random bond Ising model (Melchert and Hartmann, 2011a), and used a Migdal-Kadanoﬀ approximation
scheme to study the NWP problem on disordered hierarchical graphs with eﬀective dimension d = 2.32 (Melchert and
Hartmann, 2013). Recently, we analyzed a variety of local optimization approaches to study the 2d NWP problem by
using a dynamical random-walk approach (Mitran et al., 2013). However, due to space limitations, these latter studies
are not reviewed here further.
The remainder of the presented article is organized as follows. In Sect. 2, we introduce the model in more detail
and review some of the existing literature on the NWP problem. In Sect. 3, we present new results related to the
scaling behavior of the path weight in the 2d NWP problem. Finally, Sect. 4 concludes with a brief summary.
2. NWP on hypercubic lattices
In the subsequent section, we ﬁrst consider the intuitive case of a 2d square lattice in order to introduce the precise
NWP problem statement and to describe the algorithm we devised to yield minimum-weight conﬁgurations of loops
and paths. In Subsects. 2.2 through 2.5, we then brieﬂy recap some studies on the NWP problem.
2.1. The NWP Problem: Problem setup and algorithm
Below we consider lattice graphs G= (V, E), where V and E signify the node-set and edge-set of a graph, respec-
tively. Except for Subsect. 2.3, where we consider r-regular random graphs, we consider hypercubic lattice graphs of
side length L and fully periodic boundary conditions (BCs) in dimensions d = 2 through 6. These graphs have N= |V |
sites (in case of hypercubic lattices one has N = Ld) i ∈ V and a number of m = |E| undirected edges {i, j} ∈ E that
join adjacent sites i, j ∈ V. We further assign a weight ωi j to each {i, j} ∈ E. These weights represent independent
identically distributed (IID) quenched random variables that introduce disorder to the lattice. Here, we consider IID
weights which either have a unit weight (probability 1-ρ) or are drawn (probability ρ) from a Gaussian distribution
with zero mean and variance one. The respective disorder distribution reads
P(ω) = ρ exp (−ω2/2)/
√
2π + (1 − ρ)δ(ω − 1), (1)
and it explicitly allows for loops L ⊂ E with a negative total weight ωL =
∑
{i, j}∈L ωi j. Note that in previous studies
on NWP also strictly bimodal ±J edge-weight distributions where considered (Melchert and Hartmann, 2008). To
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Fig. 2. Illustration of the algorithmic procedure: (a) original lattice G with edge weights, (b) auxiliary graph GA with proper weight assignment.
Black edges carry the same weight as the respective edge in the original graph and grey edges carry zero weight, (c) minimum-weight perfect
matching (MWPM) M: bold edges are matched and dashed edges are unmatched, and (d) loop conﬁguration (bold edges) that corresponds to the
MWPM depicted in (c). Further, the following subﬁgures illustrate the changes in the algorithmic procedure to obtain a minimum weight s-t-path:
(e) auxiliary graph GA, where the mapping is modiﬁed to induce a minimum weight path that connects nodes s and t. Black edges carry the same
weight as the respective edge in the original graph and grey edges carry zero weight, (g) corresponding MWPM, (f) minimum weight path (bold
edges) that corresponds to a MWPM on GA. For the particular example illustrated here, the path has weight ωp = −1 and there are no loops in
addition to the path.
support intuition: For any nonzero value of the disorder parameter ρ, a suﬃciently large lattice will exhibit at least
“small” loops that exhibit a negative weight, see Fig. 1(a). If the disorder parameter is large enough, system spanning
loops with negative weight will exist, see Figs. 1(b-c).
The NWP problem statement then reads as follows: Given G together with a realization of the disorder, determine
a set C of loops such that the conﬁgurational energy, deﬁned as the sum of all the loop-weights E = ∑L∈C ωL, is
minimized. As further optimization constraint, the loops are not allowed to intersect and generally, the weight of
an individual loop is smaller than zero. Note that C may also be empty (clearly this is the case for ρ = 0). The
conﬁgurational energy E is the quantity subject to optimization and the result of the optimization procedure is a set of
loops C, obtained using an appropriate transformation of the original graph as detailed in Ref. (Ahuja et al., 1993). So
as to identify the edges that constitute the loops for a particular instance of the disorder, we can beneﬁt from a relation
between minimum-weight paths (and loops) onG and minimum-weight perfect matchings (MWPM) (Cook and Rohe,
1999b; Hartmann and Rieger, 2001; Melchert, 2009) on the transformed graph. Here, we give a brief description of
the algorithmic procedure that yields a minimum-weight set of loops for a given realization of the disorder. Fig. 2
illustrates the 3 basic steps, detailed below:
(1) each edge, joining adjacent sites on the original graph G, is replaced by a path of 3 edges. Therefore, 2
“additional” sites have to be introduced for each edge in E. Therein, one of the two edges connecting an additional
site to an original site gets the same weight as the corresponding edge in G. The remaining two edges get zero weight.
The original sites i ∈ V are then “duplicated”, i.e. i→ i1, i2, along with all their incident edges and the corresponding
weights. For each of these pairs of duplicated sites, one additional edge {i1, i2} with zero weight is added that connects
the two sites i1 and i2. The resulting auxiliary graph GA = (VA, EA) is shown in Fig. 2(b), where additional sites
appear as squares and duplicated sites as circles. Fig. 2(b) also illustrates the weight assignment on the transformed
graph GA. A more extensive description of the mapping can be found in Refs. (Melchert and Hartmann, 2007; Ahuja
et al., 1993).
(2) a MWPM on the auxiliary graph is determined via exact combinatorial-optimization algorithms (Cook and
Rohe, 1999a,b). A MWPM is a minimum-weighted subset M of EA, such that each site contained in VA is met by
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precisely one edge in M. This is illustrated in Fig. 2(c), where the solid edges represent M for the given weight
assignment. The dashed edges are not matched.
(3) ﬁnally it is possible to ﬁnd a relation between the matched edges M on GA and a conﬁguration of negative-
weighted loops C on G by tracing back the steps of the transformation (1). As regards this, note that each edge
contained in M that connects an additional site (square) to a duplicated site (circle) corresponds to an edge on G that
is part of a loop, see Fig. 2(d). More precisely, there are always two such edges in M that correspond to one loop
segment on G. All the edges in M that connect like sites (i.e. duplicated-duplicated, or additional-additional) carry
zero weight and do not contribute to a loop on G. Once the set C of loops is found, a depth-ﬁrst search (Ahuja et al.,
1993; Hartmann and Rieger, 2001) can be used to identify the loop set C and to determine the geometric properties of
the individual loops. For the weight assignment illustrated in Fig. 2(a), there is only one negative weighted loop with
ωL=−2 and length  = 8.
Note that the result of the calculation is a collection C of loops such that the total loop weight, and consequently
the conﬁgurational energy E, is minimized. Hence, one obtains a global collective optimum of the system. Obviously,
all loops that contribute to C possess a negative weight. Also note that the above description explains how to obtain
a set of loops only. If one aims to compute an additional minimum weight path (MWP) that connects two nodes, say
s and t, on the graph, the transformation procedure for these two particular nodes will look slightly diﬀerent. I.e. the
duplication step introduced in step (1) will be skipped for nodes s and t, see Fig. 2(e). Computing a MWPM for the
resulting graph will then yield a minimum weight path that connects nodes s and t together with a set of loops (the set
might be empty) as explained in steps (2) and (3) above. This is illustrated in Figs. 2(f-g), where for the same weight
assignment as in Fig. 2(a), a minimum weight path is computed. The algorithmic procedure extends to the r-regular
random graphs, discussed in Subsect. 2.3 below, in a straight-forward manner.
2.2. A recap of results in dimensions 2 through 7
By means of numerical simulations we characterized the NWP phase transition and geometric properties of minimum-
weight paths and loops by observables from percolation theory (Stauﬀer, 1979; Stauﬀer and Aharony, 1994). While
studies on the NWP minimum-weight path setup were done in 2d only (Melchert and Hartmann, 2008), the NWP
loop setup was considered on hypercubic lattice graphs in dimensions d = 2 through 7 (Melchert et al., 2010). For
each setup, we determined the critical exponents of the corresponding geometric phase transitions using ﬁnite-size
scaling analyses for the percolation probability and the order parameter related observables. It turned out that, for
any dimension, the obtained exponents diﬀer from those of commonly studied string-percolation models and satisfy
the hyper-scaling relations d f = d − β/ν and γ + 2β = dν, which are known from percolation theory. From various
setups and disorder distributions considered in 2d (Melchert and Hartmann, 2008) and 3d (Melchert and Hartmann,
2008; Melchert et al., 2010), we conclude that the critical exponents are universal. That means they do not depend on
the subtleties of the disorder, i.e. discrete of continuous, or the particular lattice geometry, i.e. square or hexagonal.
Furthermore, we found that the results obtained from the numerical simulations in higher dimensions are consistent
with an upper critical dimension du = 6 (Melchert et al., 2010).
2.3. Mean ﬁeld behavior of the NWP model
The issue of the upper critical dimension in the NWP model was further addressed by means of a complementary
approach in Ref. (Melchert et al., 2011). Therein we considered minimum-weight loops and paths in the NWP
problem on r = 3-regular random graphs (3RRGs), where each node has exactly 3 neighbors and where there is no
regular lattice structure. On such graphs one has direct access to the mean-ﬁeld exponents that govern the model for
d ≥ du. For each of the graph we ﬁrst determined the diameter RN , i.e. the longest among all shortest paths (measured
in node-to-node hops). Then we obtained the minimum weight path that connects two nodes separated by distance
RN . It can be expected that 〈〉 ∝ RN for ρ→ 0 and 〈〉 ∝ N for ρ→ 1, where 〈〉 denotes the disorder averaged length
of the minimum-weight path. In between, there should be a critical value ρc, where the string-like observables exhibit
the same scaling behavior as completely uncorrelated random walks. Thus, at ρc the minimum weight path is expected
to scale as 〈〉 ∝ R2
N
. As reported in Ref. (Melchert et al., 2011), the critical point ρc = 0.075(1) has been obtained
by a scaling analysis of the probability Pω
N
that the path weight ωp is ≤ 0. Furthermore, several critical exponents
have been found and the critical point could be conﬁrmed by an analytic approach using the replica symmetric cavity
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method and a correspondence between the NWP problem and the problem of polymers in random media. In either
case, the results were in agreement with those found for the 6d hypercube.
2.4. Phase transitions in diluted negative weight percolation models
Particularly for the case of the 2d square lattice, we investigated the eﬀect of dilution, i.e. additional disorder that
aﬀects the topology of the underlying lattice graphs, on the critical properties of NWP. Therefore, we used observables
from percolation theory (Stauﬀer, 1979; Stauﬀer and Aharony, 1994) and a ﬁnite-size-scaling analysis in order to
identify critical lines in the disorder-dilution plane for two diﬀerent types of dilution. In this regard we distinguish:
(i) Type I dilution, where the disorder is characterized by a fraction pI of edge weights ωi j = 0. (ii) Type II dilution:
The lattice is diluted by a fraction pII of absent bonds. It was found that, in contrast to type I, type II dilution changes
the universality class of NWP. A more detailed analysis of the critical exponents for one particular critical point, i.e.
(ρ, pII) = (1.0, 0.4998), veriﬁed that the exponents are connected by the usual scaling relations known from scaling
theory. Moreover, the value of the fractal dimension d f found for the negative-weighted loops at that particular critical
point agrees well with the fractal dimension of self avoiding walks on a regular lattice (dSAW
f
= 4/3), suggesting that
negative weighted loops at (ρ, pII)= (1.0, 0.4998) belong to the same universality class as 2d self-avoiding walks.
2.5. SLE properties of the 2d NWP problem
For the particular case of the “loops + minimum weight path” variant of the 2d NWP problem, Ref. (Norrenbrock
et al., 2013) summarizes a study which addresses the question whether minimum-weight paths in the NWP model
might be described in terms of Schramm-Loewner evolution (SLE). Several numerical studies which take the geomet-
rical properties of the NWP path into account lead to diﬀerent estimates of the diﬀusion constant κ, which, as a single
parameter, characterizes SLE curves. Consequently, it can be ruled out that these paths can be described in terms of
SLE. As pointed out in (Norrenbrock et al., 2013), this might be due to a validation of the so-called “Markov-property”
(Cardy, 2005).
3. The scaling behavior of the path weight in the 2d NWP problem
In the majority of the NWP related studies, reviewed above, the focus was set on the disorder driven phase transition
at which system spanning loops emerge. However, in the seminal NWP study (Melchert and Hartmann, 2008) it was
found that there appears to be another value of the disorder parameter ρ, which seems to be interesting from a point of
view of statistical physics. Considering a loops + minimum-weight path (MWP) setup in 2d with periodic boundary
conditions (BCs) in one direction, it was found that prior to the critical point ρc, a particular transition point ρ
ω
c exists
that indicates a value of the disorder parameter above which (in the limit L→ ∞) the ensemble averaged path weight
〈ωp〉 turns negative for the ﬁrst time. While ρc can be located by monitoring the geometric properties of the loops and
MWPs, ρωc can be located by monitoring the conﬁgurational weight of the MWPs. To support intuition, for ρ < ρ
ω
c
there are only few edges with a negative weight and 〈ωp〉 > 0, see Fig. 3(a). However, for ρ > ρωc there are enough
negative weighted edges to ensure 〈ωp〉 < 0. For ρ > ρc, the MWPs eventually get long enough to also span the lattice
along the direction with the periodic BCs, see Fig. 3(b), and, ﬁnally, the conﬁgurations get more “dense” as ρ → 1,
see Figs. 3(c-d). To recap the results reported in Ref. (Melchert and Hartmann, 2008): considering a bimodal weight
distribution, the particular values ρωc = 0.0869(2) and ρc = 0.1032(5) were found. Nevertheless, in Ref. (Melchert and
Hartmann, 2008) only a thorough ﬁnite-size with regards to the geometric transition was performed.
Thus, to do this for the transition concerning the weights of the paths, here we perform numeric simulations for the
loops + MWP setup for a 2d square lattice with periodic BCs in one direction, distinguishing three types of MWPs
(the algorithmic procedure that allows to implement MWPs is discussed in Subsect. 2.1):
(i) MWP-1, where both terminal nodes of the MWP are allowed to terminate along the free boundaries, see Fig. 3,
(ii) MWP-2, where the location of one terminal node is ﬁxed at a randomly chosen node along the associated free
boundary,
(iii) MWP-3, where both terminal nodes are ﬁxed at a pair of randomly chosen opposing nodes along the free
boundaries.
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Fig. 3. Samples of “loops+MWP” conﬁgurations on 2d square lattice with side length L = 64, illustrating the NWP phenomenon considering
the MWP-1 setup. Solid (dashed) boundary lines indicate periodic (free) boundary conditions. The MWP is colored in black and its terminal
nodes are indicated by a black dot, the loops are colored gray. The snapshots relate to diﬀerent values of the disorder parameter ρ, where (a)
ρ = ρωc = 0.285(1) (see text for details), (b) ρ ≈ ρc = 0.340(1), (c) ρ = 0.7, and (d) ρ = 1. The bottom part illustrates the location of the diﬀerent
conﬁgurations along the “disorder scale” from ρ = 0 . . . 1.
We further consider a disorder distribution of the form of Eq. (1), i.e.
P(ω) = ρ exp (−ω2/2)/
√
2π + (1 − ρ)δ(ω − 1), (2)
for which we subsequently estimate the associated value of ρωc for each of the above three MWP setups, see Subsect.
3.1. Once the values of ρωc are determined, we perform further simulations to also assess the scaling properties of the
MWP conﬁgurational weight ωp (or, to be more precise, the sample-to-sample ﬂuctuation thereof), MWP length 
and MWP width (or roughness) r, see Subsect. 3.2.
3.1. Location of the transition point ρωc
In order to locate the transition points ρωc , above which the ensemble averaged MWP weight 〈ωp〉 turns negative for
the three diﬀerent MWP setups introduced above, we monitored the average path weight as a function of the disorder
value ρ. The location of the NWP critical point for the considered disorder distribution, i.e. ρc = 0.340(1), and the
fact that ρωc < ρc can further serve as a guide to set proper ρ-values for the simulations. We considered systems of size
L = 24 . . .128 and up to 12800 realizations of the disorder to compute averages. The decrease of the average MWP
weight for increasing values of ρ for all three MWP setups is shown in the main plot of Fig. 4(a). As evident from
the data curves that correspond to, say, setup MWP-3, the eﬀective transition points ρeﬀ(L) at which the path weight
turns negative decrease with increasing system size L. So as to extrapolate to the limit L → ∞, we ﬁt a 4th-order
polynomial to the individual data curves to precisely estimate the eﬀective transition points and subsequently assess
the asymptotic values ρωc by assuming a scaling of the form
ρeﬀ(L) = ρ
ω
c + aL
−b . (3)
The respective ﬁnite-size scaling is shown in the inset of Fig. 4(a). As evident from the ﬁgure, the MWP-1 setup, i.e.
the setup with the “free ends”, exhibits a diﬀerent scaling exponent b than the other two setups. Using ﬁts to Eq. (3)
we yield the ﬁt-parameters listed in Tab. 1 (in any case we found a = O(1) and a reduced chi-square χ2
red
≈ 1). Hence,
the transition points for all three setups agree within error bars and we subsequently denote the disorder value above
which 〈ωp〉 < 0 by ρωc = 0.285(1).
3.2. Conﬁgurational properties of MWPs at ρωc
We further performed simulations at the transition point ρωc = 0.285(1) to assess the scaling behavior of the root
mean square (rms) ﬂuctuations of the MWP weight δω = [〈ω2p〉 − 〈ωp〉2]1/2, the average MWP length 〈〉, and the
average MWP roughness 〈r〉 (deﬁned from the maximal extension of the MWP along the direction with the free BCs).
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Fig. 4. Results of the ﬁnite-size scaling analysis for the MWP properties. (a) analysis of the ensemble averaged MWP weight 〈ωp〉. The main
plot shows the raw data for the three MWP setups (see text for details; for a clear presentation only three system sizes are shown) and the inset
illustrates the scaling behavior of the system size dependent characteristic values of ρeﬀ (L), (b) ﬁnite-size scaling of the MWP observables at ρ
ω
c
for the MWP-1 setup. The inset illustrates the extrapolation of the asymptotic scaling exponents from the local exponents for 〈〉 and 〈r〉 (see text).
During the computation of the loops+MWP groundstate for a given realization of the disorder, the MWP weight, as
part of the conﬁgurational weight of the MWPM on the auxiliary graph, is subject to optimization. As consequence,
the distribution of MWP weights is skewed towards more negative weights and shows a good data collapse if rescaled
according to P(ωp) = δω
−1p[ωp/δω] (not shown). For the MWP observables we found best ﬁts by considering scaling
functions that account for deviations from the pure power-law scaling according to δω ∝ (L+ΔL)dω , 〈〉 ∝ (L+ΔL)d ,
and 〈r〉 ∝ (L + ΔL)dr , where we yield the scaling exponents listed in Tab. 1 (in either case we found ΔL = O(10)
and χ2
red
≈ 1). As further numerical check we computed the eﬀective (local) slopes that describe the scaling of an
observable 〈X〉 within intervals of, say, m consecutive data points according to 〈X〉 ∝ (L + ΔL)dlocX . By sliding this
“scaling window” over the whole data set, one obtains a sequence of eﬀective exponents dloc
X
(L). The asymptotic value
d′
X
is then extrapolated by means of a straight line ﬁt to the plot of dloc
X
(L) as a function of the inverse system size.
Here, for m = 6 we ﬁnd d′

= 0.995(2) and d′r = 0.662(3).
These results suggest a self-aﬃne scaling of the MWP at ρωc , in agreement with the geometric scaling exponents
of the directed polymer in a random medium (DPRM) (Kardar and Zhang, 1987; Cieplak et al., 1994; Schwartz et al.,
1998), characterized by d = 1 and dr = 2/3. However, note that the rms ﬂuctuation of the DPRM energy is governed
by an exponent dω = 1/3 (Kardar and Zhang, 1987) and we might hypothesize that the above value of dω = 0.445(1)
is likely to be aﬀected by the presence of the NWP critical point and that for smaller values of ρ one might ﬁnd a
crossover to the numeric value 1/3. Indeed, further simulation at ρ = 0.200 yield the set of exponents dω = 0.34(1),
d = 1.008(1), and dr = 0.65(2) in excellent agreement with those that characterize the DPRM.
The discussion above focused on the analysis of the MWP-1 setup. We also performed similar analyses for the
other two setups, summarized in Tab. 1. In either case we veriﬁed that in limit of weak disorder, i.e. at small values of
ρ where the disorder averaged MWP weight 〈ωp〉 is still larger than zero, the exponent dω assumes a value of ≈ 0.33
as for the DPRM.
Table 1. Transition points and scaling exponents that characterize the MWP observables at ρωc for the three considered MWP setups. From left
to right: MWP setup, transition point ρωc , scaling exponent b (see Eq. 3), exponent dω that governs the scaling of the rms of the MWP weight
ﬂuctuations, length scaling exponent d, roughness exponents dr.
MWP setup ρωc b dω d dr
MWP-1 0.285(1) 0.85(7) 0.445(1) 1.013(2) 0.68(2)
MWP-2 0.285(1) 1.32(8) 0.44(1) 1.006(6) 0.70(4)
MWP-3 0.287(1) 1.39(6) 0.445(1) 1.005(7) 0.659(5)
66   O. Melchert et al. /  Physics Procedia  57 ( 2014 )  58 – 67 
4. Summary
In Sects. 1 through 2.5 of the presented article we summarized existing literature on the NWP problem, i.e. a
lattice-path model that features a disorder driven phase transition. A major part of the existing literature is focused
on a “loops only” variant of the NWP model, wherein, for a given realization of the disorder, one is interested in
the conﬁgurational properties of a minimum weight set of loops. A mapping of the NWP model to an associated
combinatorial optimization problem allows to obtain such groundstate conﬁgurations by means of exact algorithms.
Further, we also presented results for a “loops + minimum weight path (MWP)” variant of the NWP model, already
introduced in Ref. (Melchert and Hartmann, 2008). In this case, the “loops + MWP” groundstates can be computed
using a simple modiﬁcation of the mapping procedure.
As function of a model intrinsic disorder parameter ρ the characteristic properties of the MWP change: for very
small values of ρ, i.e. for a small fraction of negative edge weights on the underlying lattice, the disorder averaged
conﬁgurational weight 〈ωp〉 of the MWP is positive and the scaling behavior of the conﬁgurational weight and geo-
metric MWP properties match those of the directed polymer in a random medium (DPRM) (Kardar and Zhang, 1987),
exhibiting the scaling behavior of a self-aﬃne lattice path. As ρ exceeds a ﬁrst threshold value ρωc = 0.285(1) (the
numerical value is characteristic for the Gaussian-like disorder distribution studied here, for a bimodal disorder dis-
tribution one ﬁnds ρωc = 0.0869(2), see Ref. (Melchert and Hartmann, 2008)), 〈ωp〉 turns negative and the geometric
properties are still in agreement with those of the DPRM. At the NWP critical point ρc = 0.340(1) (for a bimodal
disorder distribution one has ρc = 0.1028(3)), the geometric properties of the loops and paths change, indicating a
self-similar scaling behavior with scaling exponents that agree well with those found in the context of the optimal
path problem (Schwartz et al., 1998). Also note that in 3d all the critical exponents of the NWP problem appear to be
quite close to those that describe the strongly screened vortex glass model (Pfeiﬀer and Rieger, 2002). As soon as the
disorder parameter ρ exceeds the NWP critical point ρc and approaches the limit ρ = 1, the geometric properties of
the “loops only” variant of the NWP model agree well with those of fully packed loops in the “random manifold” and
“random elastic medium” discrete interface models (Zeng et al., 1998).
In summary, the NWP problem constitutes an interesting non-standard optimization percolation problemwith a rich
critical behavior and various limiting cases that, on their own, represent intriguing problems studied in the context of
the statistical physics of disordered systems.
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